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Abstract
High dimensional predictors in regression analysis is often associated with multicollinearity along with
other estimation problems. These problems can be mitigated through a constrained optimization
method that simultaneously induces dimension reduction and variable selection that also maintains a
high level of predictive ability of the fitted model. Simulation studies show that the method may
outperform sparse principal component regression, least absolute shrinkage and selection operator, and
elastic net procedures in terms of predictive ability and optimal selection of inputs. Furthermore, the
method yields reduced models with smaller prediction errors than the estimated full models from the
principal component regression or the principal covariance regression.
Keywords: high dimensionality, regression modeling, dimension reduction, variable selection, latent
factors, sparsity, soft thresholding, sparse principal component analysis
1. Introduction
Large volumes of data that may come from different sources are available from genetic
sequences, multi-point and multi-feature image data, transactional details, business processes, and
even marketing campaigns. Analyses of these data are crucial in a wide spectrum of applications such
as in genomics, bioinformatics, agriculture, astronomy, and business intelligence. The data are
processed and summarized into useful information for strategic decision-making. However, the
literature has been dominated by the assumption of smaller number of features (p) relative to the
number of observations (n). Asymptotic theories, therefore, may not be helpful as it assumes n
approaching ∞ while p is fixed. These lead to difficulties in dealing with data having p>>n, i.e., data
with a relatively larger number of features compared to the number of observations.
In regression analysis, multicollinearity may result to ill-conditioning and/or near-singularity
of the associated design matrix, resulting to unstable estimates (inflated standard errors). Similarly,
classical regression framework assumes p ≤ n; otherwise, the design matrix is singular and therefore
the parameters in the regression model are not uniquely estimable. Non-orthogonality of the predictors
in a linear model causes the ill-conditioning problem, and as a solution, those duplicating variables are
dropped but at the expense of bias for the regression coefficients of the remaining variables. In time
series data of indicators, e.g., those benefiting from macroeconomic policies, natural drifting of the
variables is expected resulting to similar ill-conditioning problem. For non-stationary time series, the
ill-conditioning problem can be mitigated through the use of growth rate (differencing) of the
indicators instead of the original levels. Differencing, however, results to an alteration of the
dependence structure since it generally filters low frequencies and preserves high frequencies in the
data, thereby eliminating the effect of some important random shocks and possibly contaminating the
relationship being investigated.
An alternative approach in modeling high dimensional data for purposes of dimension
reduction and variable selection under a regression modeling framework is presented. The method
provides a strategy for modeling high-order covariates and outputs in a regression-type problem, i.e.,
modeling multicollinear data (cross-sectional data) or nonstationary data (time series and/or spatiotemporal data). It further identifies key predictors among a large number of predictors (or equivalently,
for a small number of observations).

2. Modeling High Dimensional Data
In high dimensional data where the number of predictors 𝑝 is very large compared to the
number of observations 𝑛, the best “representation” of the data is usually difficult to achieve.
Simultaneous testing of the 𝑝 predictors becomes more and more inefficient as 𝑝 gets larger. Variable
selection (and equivalently, observation clustering) becomes more difficult as 𝑝 (or 𝑛) gets larger. In
regression modeling with very large 𝑝, the identification of the most important set of predictors
becomes challenging since presence of too many predictors masks the importance of some, thereby
leading to more potential problems of model misspecification. The usefulness and interpretability of
the identified “important” set of predictors may be problematic, or at least, doubtful.
𝑇

Given 𝑦𝑛𝑥1 , a vector of observations from a dependent variable and 𝑋𝑛×𝑝 = [𝑥1 , … , 𝑥𝑛 ] , a
matrix of observations on 𝑝 variables for the 𝑛 subjects. The hypothesized model takes the form
y  X    , with   1, 2 , ...,  p T and   1,  2 , ..., n  T . For 𝑖 = 1, 2, … , 𝑛, assume that the error





terms  i are independent and each follows a Gaussian distribution with mean zero and constant
−1

variance 𝜎 2 > 0. The ordinary least squares (OLS) regression estimator of 𝛽 is 𝛽̂ = (𝑋 𝑇 𝑋) 𝑋 𝑇 𝑦 is
optimal (Gauss-Markov Theorem) provided that 𝑛 > 𝑝.
When 𝑝 ≫ 𝑛, the estimator 𝛽̂ is not unique since high dimensionality of the data matrix leads
to the singularity of the Gram matrix 𝑋 𝑇 𝑋 (Chatterjee and Hadi, 2006; Draper and Smith, 1998).
Similarly, the estimator 𝛽̂ is unstable, i.e., the estimators for 𝛽 may not be reliable since the standard
errors are also based on the Gram matrix (Draper and Smith, 1998). Thus, tests and confidence bounds
that use the standard errors and the estimated variance-covariance matrix of the error terms (which is
also based on the Gram matrix) are invalid. Even when 𝑝 < 𝑛 but there are high correlations among
the independent variables, tests and confidence bounds based on the ill-conditioned Gram matrix 𝑋 𝑇 𝑋
are also invalid (Draper and Smith, 1998). In general, the OLS estimator 𝛽̂ are no longer optimal in
the presence of multicollinearity and/or when 𝑝 ≫ 𝑛.
Solutions to multicollinearity and singularity range from transformations, to variable selection
or stepwise regression methods, to modified estimation procedures; and issues were raised in using
such solutions. However, Garson (2012) suggests that power and nonlinear transformations may cause
over-fitting or even increase the level of multicollinearity. Garson (2012) also noted that stepwise
regression methods are even more affected by multicollinearity than regular methods since additional
information is difficult to attain with the deletion of “unimportant” variables, and as such, the process
of deletion sometimes introduces subjectivity.
The use of principal components in regression (principal component regression or PCR), is
proposed as a possible solution to the problem of multicollinearity (Jolliffe, 1998). PCR, as noted by
Kosfeld and Lauridsen (2008), may work for cases with highly multicollinear independent variables
since PCR reduces the variability of the regression coefficients estimates but at the expense of its bias.
Fewer components may be used in modeling, but with discrepancy in the amount of information
between the raw individual predictors and the PCs. Foucart (2000) also notes that deleting components
that are not significant may introduce bias to the least squares estimates of the remaining coefficients
and may lead to biased residual variance estimates. Foucart (2000) proposed to discard principal
components based on partial correlation coefficients aside from tests of significance (of the
components in regression) and magnitude of eigenvalues (of the independent variables), while Hwang

and Nettleton (2003) provide an alternative approach of selecting a subset of components in PCR that
minimizes MSE of the beta-coefficients.
On the other hand, De Jong and Kiers (1992) introduce the principal covariates regression
(PCovR) which simultaneously minimizes the least squares regression residuals and the transformation
residuals on the independent variables. PCovR is viewed as a one-step approach to PCR. Similarly,
George and Oman (1996) proposed a multiple-shrinkage estimator on the regression coefficients to
overcome the influence of multicollinearity on PCR. In the multivariate regression framework,
Izenman (1975) and Reinsel et al. (1998) discussed applications of reduced-rank regression (RRR),
wherein a restriction on the rank of the regression coefficient matrix is considered.
Focusing on the variance inflation problem caused by multicollinearity, shrinkage estimators
and regularization techniques are considered as solutions (see for example Filzmoser and Croux, 2002;
Goldenshluger and Tsybakov, 2001; Klinger, 2001; Zou and Hastie, 2005). Constraints are added in
the least squares objective function to produce non-singular design matrix to alleviate variance
inflation. Similarly, a penalty on the optimization framework is introduced. The gain in precision is
necessarily compensated by the propagation of bias in the parameter estimates. This, however,
complicates the interpretation of the relative contribution of the individual determinants toward the
dependent variable.
One of the most commonly used regularization techniques is ridge regression (Hoerl and
Kennard, 1970), which introduce bias on the 𝛽 parameter estimates to stabilize the variance. Ridge
regression however depends on the choice of the ridge parameter which tends to be subjective in
nature. Accordingly, McDonald and Galarneau (1975) suggest methods of specifying the ridge
parameter, which are essentially based on the variance component, the correlations among the inputs,
and the regression coefficients. Lee (1987) provides different methods to optimize the choice of the
ridge parameter.
Variances of the regression coefficients, however, remain to be potentially large even with the
introduction of the ℓ2 norm penalty in ridge regression modeling. Thus as a new direction, Tibshirani
(1996) introduces a regularized method, called the least absolute shrinkage and selection operator
(LASSO), which considers a penalty under the ℓ1 norm. The method generally leads to sparse
solutions, i.e., those “less significant” parameters tend to be nearly-zero or exactly zero. Recently,
Candes and Tao (2007) consider a penalty, called the Dantzig Selector, which is similar to that of the
ℓ1 norm. This selector is well-aligned with sparsity considerations – identifying which parameters are
“truly” non-zero. As a modification to RRR, Chen and Huang (2012) proposed a method, called sparse
reduced-rank regression (SRRR), which introduces sparsity constraint on the RRR estimation via a
group-LASSO type penalty.
Sparsity therefore, considers discarding unimportant variables and leaving a relatively smallerspaced and more informative set of predictors. Finding sufficient data transformation that effectively
reduces the dimension of the data without significant loss of information remains to be essential in
achieving sparsity. As such, Cook (2007) identifies sufficient reduction definitions, depending mainly
on the conditional distributions. Other methods to achieve sparsity in both the non-linear and the nonparametric models are present in the literature – some of which use general additive models and
Bayesian approaches, see Ravikumar et al. (2007) and Chipman et al. (2010) for example.
Evidently, sparsity is associated with dimensionality reduction – with sparsity as one of the key
solutions to the ease of interpretation of (linear) combinations of variables. For instance, Chipman and
Gu (2005) address the interpretability problem by considering homogeneity constraints and sparsity

constraints. Zou and Hastie (2005) introduce the elastic net (EN) penalty as a modification of the
LASSO by Tibshirani (1996). Klinger (2001) uses penalized likelihood estimators for a large number
of coefficients to extend soft thresholding and LASSO methods on generalized linear models. The
extension leads to an adaptive selection of model terms without substantial variance inflation. Zou et
al. (2006) developed sparse principal component analysis (SPCA) and the resulting sparse PCs can be
used in regression analysis, i.e. sparse principal component regression (SPCR), and this is subsequently
explored in this paper.
3. Dimension Reduction and Variable Selection
Zou et al. (2006) use the LASSO and ridge-type constraints to principal components extraction.
The extraction is formulated as a regression problem and optimization results to components with
𝑇

sparse loadings. The sparse principal component analysis (SPCA) criterion, with 𝑋𝑛×𝑝 = [𝑥1 , … , 𝑥𝑛 ] ,
𝐴𝑝×𝑘 = [𝛼1 , … , 𝛼𝑘 ] and 𝐵𝑝×𝑘 = [𝑏1 , … , 𝑏𝑘 ], is given by
2
2
(𝐴̂, 𝐵̂ ) = argmin {∑𝑛𝑖=1‖𝑥𝑖 − 𝐴𝐵 𝑇 ‖ + 𝜆 ∑𝑘𝑗=1‖𝑏𝑗 ‖ + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖ } with 𝐴𝑇 𝐴 = 𝐼𝑘 (1)
1

𝐴,𝐵

where the 𝑥𝑖 's are centered data vectors (with respect to the 𝑗 𝑡ℎ variable, 𝑗 = 1, 2, … , 𝑝) for each
observation 𝑖, 𝜆 and 𝜆1,𝑗 are penalizing constants chosen to ensure existence of solution and
convergence of the computational algorithm. Here,  1 is the ℓ1 norm and  is the Euclidean norm,
i.e., w 1   w j and w 

w

2
j

. Optimization is done through a regression-type criterion to

derive SPCs in two stages: (1) perform ordinary PCA, and (2) find sparse approximations of the first
𝑘 vector of loadings of the PCs using the “naive elastic net” estimation (Zou and Hastie, 2005), a
penalized least squares method to overshrink regression parameters (i.e., solutions to Eq. 1) and
corrects the grouping effect (i.e., strongly correlated predictors tend to be in or out the model together).
Unlike PCA, the solution (and its corresponding algorithm) yield components that are correlated and
loadings that are not orthogonal (Zou et al., 2006). Thus, the total predicted variance is not just the
sum of the predicted variances of the SPCs, it also account for the correlations of SPCs. To generate
SPCs via an alternating method, Zou et al. (2006) developed an algorithm that uses a
heuristic/numerical approach. The algorithm also implements the QR-decomposition to estimate the
adjusted variances explained by the SPCs.
Sparse principal component regression (SPCR) uses SPCs as predictors in the model. With the
sparsity that comes in under this two-step procedure (SPCA first on the data matrix 𝑋, then regression
on the response 𝑦 using computed SPCs), SPCR provides a solution to multicollinearity and to the
issue on components selection. Although there is little known properties and advantages of using
SPCR over PCR, SPCR may be the more logical option for cases when 𝑝 ≫ 𝑛.
SPCR uses the first few SPCs as inputs in the regression problem. In contrast, we developed
a framework that combines both the construction of SPCs and the estimation of regression parameters
as a one-time optimization problem. Thus, the framework considers a simultaneous approach for
addressing issues on high dimensionality and/or multicollinearity in the regression problem while
optimizing captured information among the original input variables and minimizing the error on
prediction of the dependent variable using the sparse components.
𝑇

Let 𝑥𝑖 = (𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑝 ) ∈ ℝ𝑝 be the p-dimensional realization from the 𝑖 𝑡ℎ subject, where
𝑇

𝑖 = 1, 2, … , 𝑛. Equivalently, let 𝑋𝑗 = (𝑥1𝑗 , 𝑥2𝑗 , … , 𝑥𝑛𝑗 ) ∈ ℝ𝑛 be the n-dimensional observation on

𝑇

the 𝑗 𝑡ℎ variable, where 𝑗 = 1, 2, … , 𝑝. Thus, 𝑋 = (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) = (𝑋1 , 𝑋2 , … , 𝑋𝑝 ) is the 𝑛 × 𝑝
matrix of observed values for the 𝑝 (original) variables over the 𝑛 subjects, 𝑋𝑗 ′𝑠 are assumed to be
centered. Recall that the singular value decomposition (SVD) of 𝑋 is 𝑋 = 𝑈𝑆𝑉 𝑇 , where 𝑈 is 𝑛 × 𝑛
and 𝑉 is 𝑝 × 𝑝 for which 𝑈 𝑇 𝑈 = 𝐼𝑛 and 𝑉 𝑇 𝑉 = 𝐼𝑝 , and 𝑆 is 𝑛 × 𝑝 rectangular diagonal matrix. Thus,
an approximation of 𝑋 is given by 𝑋̂ = 𝑈𝑞 𝑆𝑞 𝑉𝑞𝑇 , where 𝑈𝑞 and 𝑉𝑞 are the first 𝑞 columns of 𝑈 and 𝑉,
respectively, and 𝑆𝑞 is the 𝑞 × 𝑞 diagonal matrix of the singular values in 𝑆 (i.e., the first 𝑞 diagonal
entries of 𝑆 arranged in descending order). With 𝑟𝑎𝑛𝑘(𝑋̂) = 𝑞 and 𝑞 < 𝑝, 𝑋̂ becomes a low-rank
approximation of 𝑋 (Eckart and Young, 1936). Let 𝐴 and 𝐵 be 𝑝 × 𝑘 matrices, where 𝑘 < 𝑝 and such
that 𝐴𝑇 𝐴 = 𝐼𝑘 , then a generalized solution 𝑋̂ for an approximation of 𝑋 can be based on the
2

minimization of the function 𝑓(𝐴, 𝐵) = ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 , where ‖∙‖2𝐹 is the squared Frobenius norm,
and imposing the following constraints: orthonormality of 𝐴 for identifiability; and restrictions on 𝐵
to adjust component loadings. Note that 𝐵 represents the component loadings which define the
transformed (linear) combinations of 𝑋, and 𝑋𝐵 having a reduced dimension 𝑛 × 𝑘. In the case that
𝐵 = 𝐴, the solution for the optimization problem is the set of first k PCs derived from the PCA of X
(Zou et al., 2006).
Let 𝜆 and 𝜆1 = (𝜆1,1 , 𝜆1,2 , … , 𝜆1,𝑘 ) be some constants (specifically, the tuning parameters).
Then the SPCA criterion (Zou et al, 2006) minimizes
2
2
𝑓𝑋 (𝐴, 𝐵, 𝜆, 𝜆1 ) = ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 + 𝜆‖𝐵 𝑇 ‖𝐹 + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖1 subject to 𝐴𝑇 𝐴 = 𝐼𝑘 ,
(2)
𝑇
𝑛
Where 𝐵 = [𝑏1 , 𝑏2 , … , 𝑏𝑘 ]. Now, consider regressing 𝑦 = (𝑦1 , 𝑦2 , … , 𝑦𝑛 ) ∈ ℝ on the transformed
𝑋, i.e., on the set of 𝑘 (with 𝑘 ≤ 𝑝) linear transformations of 𝑋𝐵. Under the regular (no-intercept)
regression problem with 𝛽 as the 𝑘 × 1 vector of (regression) parameters, the ordinary least squares
(OLS) approach to estimating 𝛽 is equivalent to minimizing the squared norm
2

𝑓𝑌 (𝛽) = ‖𝑦 − 𝑋𝐵𝛽‖ .
Combining equations (2) and (3), the objective function is to minimize, subject to 𝐴𝑇 𝐴 = 𝐼𝑘 ,
2

2

(3)

2

𝑓𝑋,𝑌 (𝐴, 𝐵, 𝛽, 𝜆, 𝜆1 ) = ‖𝑦 − 𝑋𝐵𝛽‖ + ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 + 𝜆‖𝐵 𝑇 ‖𝐹 + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖1 .
(4)
Optimization of equation (4) simultaneously minimizes the loss due to dimension-reduction in 𝑋 and
𝑇

on using a fitted regression for 𝑦. If an intercept is included, and with 𝛽 ∗ = [𝛽0 , 𝛽 𝑇 ] , then the
optimization problem becomes minimizing, subject to 𝐴𝑇 𝐴 = 𝐼𝑘 ,
2

2

2

𝑓𝑋,𝑌 (𝐴, 𝐵, 𝛽 ∗ , 𝜆, 𝜆1 ) = ‖𝑦 − [1 𝑋𝐵]𝛽∗ ‖ + ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 + 𝜆‖𝐵 𝑇 ‖𝐹 + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖1 .
(5)
Suppose the optimization problem is constrained further on the loss due to dimension reduction of 𝑋
and on the loss due to regression for 𝑦. Then the generalized optimization problem becomes
minimizing, subject to 𝐴𝑇 𝐴 = 𝐼𝑘 ,
2

2

2

𝑓𝑋,𝑌 (𝐴, 𝐵, 𝛽 ∗ , 𝜆, 𝜆1 , 𝑚) = 𝑚1 ‖𝑦 − [1 𝑋𝐵]𝛽∗ ‖ + 𝑚2 ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 + 𝜆‖𝐵 𝑇 ‖𝐹 + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖1 ,
i.e., given the tuning parameters 𝜆, 𝜆1 and 𝑚 = (𝑚1 , 𝑚2 ), find the values 𝐴̂, 𝐵̂ and 𝛽̂ ∗ for which
2

2
2
(𝐴̂, 𝐵̂ , 𝛽̂ ∗ ) = argmin {𝑚1 ‖𝑦 − [1 𝑋𝐵]𝛽 ∗ ‖ + 𝑚2 ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 + 𝜆‖𝐵 𝑇 ‖𝐹 + ∑𝑘𝑗=1 𝜆1,𝑗 ‖𝑏𝑗 ‖1 } . (6)
𝐴,𝐵,𝛽∗

Note that the first two terms in equation (6) are equivalent to setting upper bounds (as some
function of the tuning parameters 𝑚) for the loss due to the use of predicted values for 𝑦 and for the
dimension reduction in 𝑋, i.e., the closer the bound is to 0, the smaller the loss. In the same sense, the

larger the bound, the higher the tolerance level is for the loss due to prediction and/or dimension
reduction. Thus, the tuning parameters may be set such that one is related to the other. Intuitively,
𝑚1 and 𝑚2 may be considered as weighting parameters that set the significance of either prediction in
𝑦 or dimension reduction in 𝑋. The remaining terms in equation (6) are similar to the SPCA criterion
via the elastic net as used by Zou et al. (2006).
The terms in the penalized optimization in equation (6) are collectively considered as a
“dimension reduction and variable selection penalty.” Using the transformed independent variables
𝑋𝐵, this penalty on the regression of 𝑦 yields a vector of coefficients 𝜃 = 𝐵𝛽 of the (untransformed)
individual 𝑋′𝑠, which then gives a linear combination of the 𝑋′𝑠 with possibly non-replete (or sparse)
coefficients. The penalty translates to a Linear and Non-replete Selection (LaNS) of the independent
variables. Hereafter, the optimization problem in equation (6) is referred to as the LaNS criterion.
Accordingly, the equivalent bounds in the equation are referred to as the LaNS penalty, and solutions
and models under this framework are labelled as LaNS.
An alternating solution for 𝐴, 𝐵, and 𝛽 ∗ , given the values of 𝑚 = (𝑚1 , 𝑚2 ), 𝜆, and 𝜆1 , is used
for the minimization of the LaNS criterion. Theorems 1 and 2 exhibit existence of 𝐴, 𝐵 and 𝛽 ∗ in
equation (6). To facilitate initialization of the SVD, we separate 𝛽0 from the rest of the 𝛽’s.
Theorem 1: The constrained minimization of equation (6) has a solution for 𝐴 when 𝐵 and 𝛽 ∗ are
known, given by 𝐴̂ = 𝑊𝑍 𝑇 , where 𝑊 and 𝑍 are derived from the SVD of 𝑋 𝑇 𝑋𝐵, i.e., 𝑋 𝑇 𝑋𝐵 = 𝑊𝐸𝑍 𝑇 .
Also, when 𝐴 and 𝐵 are known, the constrained minimization of equation (6) has a solution for 𝛽 ∗ ,
−1
given by 𝛽̂0 = 𝑦 and 𝛽̂ = (𝐵 𝑇 𝑋 𝑇 𝑋𝐵) 𝐵𝑇 𝑋 𝑇 𝑦𝐶 , where 𝑦𝐶 = 𝑦 − 𝑦1 .

Proof:
2
Given 𝛽 ∗ and 𝐵, equation (6) reduces to minimizing 𝑚2 ‖𝑋 − 𝑋𝐵𝐴𝑇 ‖𝐹 subject to 𝐴𝑇 𝐴 = 𝐼𝑘 . From the
Reduced Procrustes Rotation Theorem (RPRT) of Zou et al. (2006), if the SVD of 𝑋 𝑇 𝑋𝐵 is given by
𝑋 𝑇 𝑋𝐵 = 𝑊𝐸𝑍 𝑇 , then for a fixed 𝑚2 , the solution for 𝐴 is given by 𝐴̂ = 𝑊𝑍 𝑇 .
If 𝐴 and 𝐵 are given, then the constrained optimization of equation (6) reduces to minimizing
2

2

𝑚1 ‖𝑦 − [1 𝑋𝐵]𝛽 ∗ ‖ . Given 𝑚1 , this is equivalent to minimizing ‖𝑦 − [1 𝑋𝐵]𝛽∗ ‖ . Getting the
partial derivatives with respect to 𝛽0 and 𝛽, and equating the derivatives to zeros,
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Theorem 2: The constrained minimization of equation (6) has an iterative solution for 𝐵 when 𝐴 and
𝛽 ∗ are known.
Proof:
Given 𝐴 and 𝛽 ∗ , equation (6) reduces to minimizing
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element-wise product operator. For each column 𝑏𝑗 of 𝐵, 𝑗 = 1, 2, … , 𝑘, we calculate the partial
derivatives and equate these to zeros,
*
 f X ,Y B | A,  , m,  ,  1

T
T
T
T

 2 m1 j y X b j  0.5m1 j2 b j X X b j  m10  j 1 X b j





b j

b j

 









 2 m2 a j X X b j  0.5m2 b j X X b j  b j b j  1 w j  b j ,
T

T

T

T

T

T

where w j is the jth column of W
 b j  m1 j D X y C  m2 D X X a j  0.51, j Dsign(b j ) ,
T



Given 𝑗, with b j  b1 j , b2 j , ...,bpj
D  d ij ,

T



where D  m1 j2 X X  m2 X X   I p
T

T

  b  for 𝑖 = 1, 2, … , 𝑝, and D
T

ij

(i )



1

as the ith row of D , and taking

(i )
T
(i )
T
bij  m1 j D X y C  m2 D X X a j  0.51, j  dil sign (blj )  0.51, j dii sign (bij ) .

(7)

l i

In equation (7), 𝑏𝑖𝑗 is a function of the 𝑏𝑙𝑗 ′𝑠 for 𝑙 = 1, 2, … , 𝑝 through the constant
p

D sign (b j )   dil sign (blj ) . Suppose the vector sign (b j ) is approximated by its “previous iteration”
(i )

l 1

value sign (b j ) . Then a solution for the 𝑏𝑖𝑗 ’s using the previous iteration through sign* (b j ) (where
*

the initial value of 𝑏𝑗 is the 𝑗 𝑡ℎ column of 𝐴) is given by
(i )
T
(i )
T
bˆij  m1 j D X y C  m2 D X X a j  0.51, j  d il sign * (blj )  0.51, j dii sign * (bij ) .

(8)

l i

Alternatively, consider only the approximation of the 𝑏𝑙𝑗 ′𝑠, 𝑙 = 1, 2, … , 𝑖 − 1, 𝑖 + 1, … , 𝑝, through the
corresponding past iteration values, and maintain the current value of bij on the right hand side of
equation (7) through sign (bij ) . Soft thresholding is then implemented to or isolate 𝑏𝑖𝑗 in equation (7).
The estimated value of bij via soft thresholding is given by
w j  0.51, j sign ( wij ) , if w j  0.51, j d
bˆ j  
0
, if w j  0.51, j d




 sign (w j )  w j  0.51, j d





,

(9)

wij  m1 j D X y C  m2 D X X a j  0.51, j  dil sign * (blj ) ,
(i )

where

T

(i )

T

l i

and

the



d   d ii ; i  1,2,..., p contains the diagonal elements of D  m1 j2 X T X  m2 X T X   I p



1

vector


4. The LaNS Algorithm
Minimization of the LaNS criterion can be solved using the LaNS algorithm discussed below.
The tuning parameters (as well as the parameter 𝑘 for the number of PCs for dimension reduction)
must be specified at commencement of the algorithm.
T
(i)
Get the SVD of X , X  U SV
(ii)

Let A  V (k ) , i.e., the first 𝑘 columns of the loadings vector V

(iii)

Initialize B as B  A

(iv)

Compute for   0 ,  as



*



0  y , and





1

  BT X T X B BT X T y C , where y C  y  y1
(v)

Option1 (LaNS1): “Near Sparsity Method” to update B , for each b j

b j  m1 j D X y  m2 D X X a j  0.51, j Dsign* (b j ) ,
T

T



where D  m1 j2 X X  m2 X X   I p
T

T

sign* (b j ) is evaluated for



1

, and

b j ' s from the previous iteration

Option2 (LaNS2): “Low-Moderate Sparsity Method”
b j  sign(w j )  w j  0.51, j d ,





(10)



where w j  w1 j , w2 j ,...,wpj  such that for i  1, 2, ..., p and a given j,
wij  m1 j D X y C  m2 D X X a j  0.51, j  dil sign * (blj ) ,
(i )

T

(i )

T

l i

d   dii ; i  1,2,..., p from the diagonals of D , and
𝑠𝑖𝑔𝑛∗ (𝑏𝑖𝑗 ) is evaluated for 𝑏𝑖𝑗 ’s from the previous iteration
Option3 (LaNS3): “Low-Moderate Sparsity Method”
*
*
*
b j  sign ( w j )  w j  0.51, j d
,





(11)







where w j  w1*j , w2* j ,...,w*pj such that for i  1, 2, ..., p and a given j,
*

wij*  m1  j D



D  X X
*



T

*(i )

X y C  m2 D
T

 m 
1

1

2
j

 m2





1

*(i )





X X a j  0.51, j abs  d * sign * (blj )  ,
T

 l i

il

,

d  dii* ; i  1,2,..., p from the diagonals of D * , and
𝑠𝑖𝑔𝑛∗ (𝑏𝑖𝑗 ) is evaluated for 𝑏𝑖𝑗 ’s from the previous iteration
*



Option4 (LaNS4): “High Sparsity Method”
b j  sign(v j )  v j  0.51, j d  ,





(12)

where v j  m1 j D* X T y C  m2 D* X T X a j , and



T



T

D  X X
*

 m 
1

1



1

2
j

 m2



1

(vi)

Compute for   B X X B B X y C

(vii)

Solve for the coefficients of the individual X ' s as   B 

T

T

T

T
T
T
T
(viii) Solve for the SVD of X X B , say X X B  W E Z , and take Aˆ  W Z
(ix)
Repeat steps (v) to (viii), until convergence.

LaNS1 suggests adjusting the regression coefficients which are not necessarily sparse, hence
the label “Near Sparsity Method.” LaNS2 gives sparse solutions, with the choice of  having little
effect on the optimization process and so  may be set to zero. In the context of soft thresholding to
achieve sparse solutions, 0.51, j  d * sign * (blj ) in LaNS2 must always be positive to directionally
l i

il

shrink the soft thresholding operator’s value toward zero. Hence, LaNS3 takes the absolute value of
 d * sign * (blj ) (since the 1, j ' s are always positive). Unlike LaNS1, both LaNS2 and LaNS3 give
l i

il

sparse solutions and hence the label “Low-Moderate Sparsity Method.” Finally, LaNS4 is formulated
so as to attain more sparse solutions, if not faster convergence, by maintaining the magnitude of the
thresholding across the bij ' s on each iteration, and therefore is labelled as “High Sparsity Method.”
Note that LaNS3 is a “re-scaling” of LaNS2 so that the sparsity may be achieved in a potentially
faster manner. LaNS2 iteratively uses equation (10) whereas LaNS3 iteratively utilizes equation (11)
to come-up with sparse sets of b j ' s . Both equations (10) and (11) are similar to the soft thresholding
operator (on ℓ1 norm) of the form b  sign(w) w  t  , where b is approximated by a function (or a

constant) w and a tuning parameter t that regulates the thresholding. In equation (10), the operator
involves the function  d il sign(blj ) which may be negative thereby resulting to “bloating” rather than
l i

“deflating” of the b j ' s toward zero at certain iterations. This “shortcoming” is addressed in LaNS3
by taking the absolute value of  d il sign(blj ) , as shown in equation (11).
l i

The value of

d
l i

il

sign (blj ) in LaNS2, or its absolute value in LaNS3, together with the other

soft thresholding parameter (i.e., the term defined by 1, j d ), change in every iteration, thus, possibly
leading to a slower rate of deflation of the b j ' s to zero for either LaNS2 or LaNS3. LaNS4 resolves
the slow decay by fixing the parameters (i.e., using 1, j instead of 1, j d ) for soft thresholding on the
b j ' s , and by re-specifying the wij ' s to vij ' s across the iterations. LaNS4, therefore, applies a “true”
ℓ1 norm soft thresholding operator on b j ' s that may give fast convergence and/or sparser coefficients.
5. Comparison of LaNS Algorithm with Other Procedures
The different options in the LaNS algorithm adjusts sparsity vis-à-vis minimizing squared
prediction error, thereby potentially identifying a small or sparse set of independent variables that has

the “best” representation of the entire set (of independent variables), and which remains highly
predictive of the dependent variable. As such, the LaNS criterion and the different LaNS options is
compared to the different criteria and/or procedures for regression modeling, dimension reduction, and
variable selection.
Given the general optimization problem in equation (6), with m1  m2  1 and B  A , and when
the optimization is made through a two-stage process – first, by finding the solution
k


T
T 2
T 2
Aˆ  arg min  X  X A A
 A
  1, j a j 1  subject to A A  I k , and second, by finding the
F
F
A
j 1


2
*
*
solution ˆ  arg min  y  1 X Aˆ   – then this simplifies to PCR. LaNS1 is viewed as an
*








adjustment of the coefficients of the PCs derived from PCA to deflate some of the coefficients of
independent variables relative to its predictive ability. Therefore, LaNS1 may result to the PCR of all
the PCs, or worst, to the OLS of all the independent variables when too much “effective” adjustment
is made. That is, for a large number of iterations, regardless of the values of the tuning parameters 
and 1, j ' s , LaNS1 eventually yields the OLS regression coefficients. This suggests that under LaNS1,
when the number of iteration is increased, the estimation of the regression coefficients is dominated
by the predictive ability constraint, more than by the dimension reduction constraint.
Given equation (6), with m1  m2  1 , and when optimization is approached in two stages –

Aˆ , Bˆ   arg min  X  X B A

T 2

first, by finding the solution

A, B



F

 B

*
*
T
A A  I k , and second, by finding the solution ˆ  y  1 X B

2

T 2
F

k

  1, j b j 1  subject to
j 1


– then method is equivalent to

SPCR. LaNS2 is viewed as a modification of the loadings of the SPCs derived from SPCA.
Specifically, LaNS2 fine-tunes the already-sparse loadings by simultaneously optimizing prediction
of the dependent variable, resulting to further sparsity of the independent variables.
Recall that in principal covariates regression (PCovR), the objective function is to minimize
1    y  1 , X * B  * 2   X *  X * B AT 2
*
f X ,Y A, B,  
2
F
* 2
y
X









subject to AT A  I k and   0,1 ,
*

where X is the scaled X having zero mean and unit variance (for each of the independent variable).
Thus, the LaNS optimization problem in equation (6) may derive the PCovR when the X ' s are
rescaled, the  and 1, j ' s are all set to zero, and with specific values of m1 and m2 . Minimizing









f X ,Y A, B,   m1 y  1 , X B 
*

*

* 2

T 2

 m2 X  X B A
*

*

F

subject to AT A  I k yields at the very first

iteration: (a) the same set of PCovR estimates at   1 when m2 


X

* 2

(and is also equivalent to



1  
PCR); (b) an adjusted set of PCovR estimates at   0,1 when m1 , m2   g  2 ,
2  ; and (c) a
X F
 y
 F


nearly-similar set of PCovR estimates at   0 when m1   and is also equivalent to the ReducedRank Regression (RRR).
6. Simulation Studies
The performance of LaNS is further evaluated through simulation studies. Assume that the
data come from 3 latent factors V1 , V2 and V3 . Suppose: V1 ~ N 300, 3002 ; V2 ~ N 300, 2902 ,









independent from V1 , and; V3  0.9 *V1  0.15 *V2   ,  ~ N 0,10 . The latent factor V1 gives the

most information (having high variability), closely followed by V2 , then by V3 . V1 and V2 are
independent, suggesting that both give different (uncorrelated) yet important information. In contrast,
V3 is a function of V1 and V2 , and thus V3 is also as important and that it carries further information
coming from V1 and V2 .
The independent variables X1, X 2 , ..., X1000 are each derived as

X j  V1   ( j ) , for j  1, 2,...,10

X j  V2   ( j ) , for j  11,12,...,20
X j  V3   ( j ) , for j  21, 22, ...,1000
where the  ( j ) ' s are independent and such that  ( j ) ~ N  0,10 for j  1, 2,...,1000 . Given the
formulation of the independent variables, the pairs of variables from any of the sets
C1   X1, X 2 , ..., X10  , C2   X11 , X 12 , ..., X 20  and C3   X 21 , X 22 , ..., X K  where K=40 for the non-high
dimensional (NHD) case and K=1000 for the high dimensional (HD) case, are correlated within sets
(i.e., when two variables come from the same set) and across combinations of sets C1 and C3 or of
sets C 2 and C3 (i.e., when one variable comes from C3 and the other comes from either C1 or C 2 ).
The dependent variable Y is then computed from X1, X 2 , ..., X1000 . Given the values on the ith
observation, X i1 , X i 2 , ..., X i1000 , the dependent variable Yi is computed as
𝑌𝑖 = 𝛽0 + 𝛽1 𝑋𝑖1 + 𝛽2 𝑋𝑖2 +. . . +𝛽1000 𝑋𝑖1000 + εi ,  i ~ N  0, 50 2  for the HD case; and
𝑌𝑖 = 𝛽0 + 𝛽1 𝑋𝑖1 + 𝛽2 𝑋𝑖2 +. . . +𝛽40 𝑋𝑖40 + εi ,  i ~ N  0, 50 2  for the NHD case.
Note that the parameters 1,  2 , ..., 1000 are specified to control for the relative contributions of the
independent variables X1, X 2 , ..., X1000 to the dependent variable Y .

Similarly, the relative

contributions of the latent factors V1 , V2 and V3 to Y are controlled.
For the high dimensional case (HD), all the variables X1, X 2 , ..., X1000 are included in the
computation of Y. For the non-high dimensional case (NHD), the number of variables is set at 40, so
that only the variables X 1 , X 2 , ..., X 40 are considered. Across all scenarios, a total of 100 observations
are considered. Specifications of the different simulation settings are summarized in Table 1.

1

Scenario

p

NHD

40

Table 1. Summary of Scenarios
% Contribution % Contribution % Contribution
of C1 on Y
of C2 on Y
of C3 on Y
55%
35%
10%

2

HD
NHD
HD

1,000
40
1,000

55%
35%
35%

35%
10%
10%

10%
55%
55%

Scenario 1 (for both NHDs and HDs) is formulated so that the independent variables most
predictive of the dependent variable are relatively few, i.e., those independent variables are derived
either from V1 or V2 . The remaining independent variables derived from V3 are implicitly derived
from V1 or V2 , and therefore these independent variables still have minimal yet important impact on
Y . In contrast, Scenario 2 (NHD and HD) is formulated such that the independent variables most
predictive of Y come from a large (or very large) set of independent variables derived from V3 . Thus,
the independent variables derived from V1 or V2 are as important yet less contributing to Y . Note
here that the “percent contribution of 𝐶𝑗 on 𝑌” is the proportion of (the magnitude of) 𝑌 that is derived
from the set of 𝑋𝑖 𝑠 in 𝐶𝑗 .
6.1 Comparison of Different Methods
The different LaNS options are compared to various regression methods that address
multicollinearity or mitigate the issues associated with high dimensional inputs. For the non-high
dimensional cases (NHDs), the fitted full model from LaNS is compared to those of ordinary least
squares regression (OLS), principal component regression (PCR), and principal covariates regression
(PCovR); for models with sparse coefficients, LaNS is compared to OLS, sparse principal component
regression (SPCR), regression with LASSO, and regression with elastic net (EN); and the ordinary
least squares regression model using selected variables from LaNS are compared to the ordinary least
squares regression models using the corresponding selected variables from SPCR, LASSO or EN (note
that PCR and PCovR do not give sparse solutions, hence the full models are the same as the reduced
models). For the high dimensional cases (HDs), on the other hand, LaNS is compared to PCR, PCovR,
SPCR, LASSO, EN, and whenever possible, to the OLS of the corresponding reduced models.
The data is simulated so that the third latent factor is as important as the first and second latent
factors, so that either the third latent factor may already be explained by the first and second latent
factors or vice-versa. Similarly, the independent variables with most contribution to the dependent
variable may come from any two latent factors. Thus, identification of only two (out of the three)
latent factors may already be sufficient. To facilitate comparisons, for LaNS, PCR, and SPCR that
require a specification on the number of dimensions, the parameter for the number of dimensions is
set at 2. And for methods that achieve sparsity like LaNS, SPCR, LASSO, EN, and SPCR, the number
of non-zero coefficients of the 𝑋′𝑠 in a sparse solution is set at a maximum of 20.
PCovR 𝛼 values are set at 0.85, 0.50, and 0.15, respectively. Higher values for 𝛼 gives results
leaning toward the direction of PCR having the most dimension reduction. In contrast, lower values
for 𝛼 yield solutions leaning toward the direction of RRR with fitted models that are focused on
predictive ability. For models derived using EN, tuning parameters are set at either 0.01 or 100. A
tuning parameter of 100 for EN gives heavier penalty on the ℓ2 norm constraint, while a tuning
parameter of 0.01 for EN almost ignores the ℓ2 norm constraint, resulting to solutions similar to that
of the LASSO.
The models are assessed based on their predictive ability through the sum of squared prediction
error (SSPE), computed as 𝑆𝑆𝑃𝐸 = ∑(𝑦𝑖 − 𝑦̂𝑖 )2, where 𝑦𝑖 and 𝑦̂𝑖 are the true and predicted values of
the dependent variable, respectively. SSPE is equivalent to the residual sum of squares in a regression

fit (Chatterjee and Hadi, 2006; Draper and Smith, 1998). Thus, SSPE measures how close the fitted
values are to the original values, the lower the SSPE, the higher the predictive ability of the fitted
model.
Aside from prediction error, a BIC-type measure is also used to compare the different methods.
Following Schwarz (1978) and Zou et al. (2007), the BIC-type criterion is defined as
MSPE
log n 
1
BIC 
 NNZ
, where 𝑀𝑆𝑃𝐸 = 𝑛 𝑆𝑆𝑃𝐸, 𝑉𝑎𝑟 (𝑦) is the variance of the dependent
Var ( y )
n
variable, and 𝑁𝑁𝑍 is the number of nonzero coefficients of 𝑋. BIC penalizes the measure of predictive
ability of the model using the number of nonzero coefficients as well as number of observations. Thus,
relative to BIC, the most suitable model is the most parsimonious, i.e., the model must have the
smallest prediction error at the fewest number of predictors selected as possible, taking into
consideration the inherent variability in the dependent variable. While SSPE is used to compare
models with same number of predictors, BIC is used to compare competing models with varying
numbers of predictors.
6.2 Scenario 1
The data for Scenario 1 is generated from a structure where 55%, 35%, and 10% of the
dependent variable is explained by predictors from the first latent factor, predictors from the second
latent factor, and predictors from the third latent factor, respectively. Summary of the results are in
Table 2 and Table 3 for the NHD and HD cases, respectively, and discussions of which follow. Note
that 5 replicates were generated under the HD case and 7 replicates under the NHD case.
Table 2. Summary of SSPE and BIC measures for the different Models under the NHD Case
Number
of
Variables
in Model
OLS
40
PCR
40
PCovR(0.85)
40
PCovR(0.5)
40
PCovR(0.15)
40
LaNS1
40
LaNS2
22.14
LaNS3
16.86
LaNS4
10.71
SPCR
12.86
LASSO
10.71
EN(0.01)
10.71
EN(100)
10.71

Using Model
SSPE
139812.3
561325.6
442344.6
247981.8
166311.9
150312.0
434255.0
1842303.0
749158.2
74300154.7
6609285.7
8515472.3
25218588.3

BIC
1.844
1.849
1.848
1.845
1.844
1.844
1.023
0.784
0.501
1.541
0.577
0.602
0.829

After OLS
SSPE
139812.3
139812.3
139812.3
139812.3
139812.3
139812.3
178214.8
246962.4
336778.6
23461308
460546.7
464796
13608213

BIC
1.844
1.844
1.844
1.844
1.844
1.844
1.022
0.779
0.498
0.886
0.499
0.499
0.668

No. of variables from
Component
From C1
10
10
10
10
10
10
8.143
6.857
5.286
6.571
6.429
6.571
9.857

From C2
10
10
10
10
10
10
8.429
6.286
2.857
3.143
4.286
4.143
0.143

From C3
20
20
20
20
20
20
5.571
4.333
2.571
3.143
0
0
0.714

For the NHD case under the full model, clearly the LaNS1 generates a relatively similar model
to that of the OLS in terms of predictive capability (comparing SSPEs and BICs of OLS vs LaNS1).
As suggested in the formulation of LaNS, LaNS1 yields OLS estimates when sparsity is not of the
main interest. The fitted models from PCR have the lowest predictive ability on the average even
when all independent variables are used in the model. PCovR dominates PCR, with SSPEs and BICs

for PCovR (at different settings) lower than those of the PCR. This may suggest an advantage in
predictive ability of a one-step approach (PCovR) over a two-step approach (PCR) for dimension
reduction and variable selection. Expectedly, PCovR(0.15) improves on predictive ability compared
to PCovR(0.85) or PCovR(0.50).
LaNS2 and LaNS3 offer sparse solutions for which BIC values remain lower than LaNS1, with
LaNS2 having about 23 independent variables and LaNS3 having about 18 on the average. Both
LaNS2 and LaNS3 select independent variables coming from all three latent factors. Except for one
of the replicates (and thus the inflated SSPE of LaNS3), both LaNS2 and LaNS3 are as good as those
of PCovR(0.50) or PCoVR(0.85). LaNS4, as formulated, gives the most sparse solution among the
LaNS options. Among those methods yielding relatively similar number of variables, LaNS4 identifies
independent variables from all three latent factors and gives the fitted model with highest predictive
ability, unlike EN(100) which include almost always all 10 independent variables from the first latent
factor, and unlike EN(.01) and LASSO which include variables always from both the first and second
latent factors. EN(100) tends to select the set of independent variables that is highly correlated with
the dependent variable, while SPCR tends to select the set of independent variables with the most
variation.
Comparing the selected variables using different methods, and implementing OLS using only
the selected variables as predictors, those variables identified by LaNS4 give better prediction than
those identified by any of SPCR, LASSO, EN(0.01), or EN(100). Similarly, LaNS4 provides a smaller
set of predictors that already represents the entire set of independent variables and at the same time
best explains the dependent variable. If identification of a smaller set is of interest, then LaNS4 appears
to be a better option than LASSO or EN.
The prediction error of LaNS4 (except for one case, hence the inflation of SSPE) is comparable
to that of OLS using the selected variables from LaNS4. That is, LaNS4 may have estimated
coefficients that are either nearly the same as that of first finding the best set and then fitting the
regression model (i.e., the two-step approach), or are different from that of the two-step approach but
have nearly the same predictive ability. Such may also be inferred under LaNS2 or LaNS3. These
results suggest that the one-step approach of LaNS in dimension reduction and variable selection may
already be sufficient for finding the set of predictors that are most predictive of the response.
Table 3. Summary of SSPE and BIC measures for the different Models under the HD Case
Number
of
Variables
in Model
PCovR(0.85)
1000
PCovR(0.5)
1000
PCovR(0.15)
1000
LaNS2
27.80
LaNS4
11.20
SPCR
16.40
LASSO
11.00
EN(0.01)
11.00
EN(100)
11.00

Using Model
SSPE

BIC

771869.3 46.061
266164.8 46.055
23872.0 46.052
2704327.1 1.301
817456.4 0.518
83056632.4 1.738
3752915.4 0.552
5463551.8 0.581
28052031.6 0.849

After OLS
SSPE

BIC

2704327.1
441988.3
9968154.8
541586.4
553258.3
12885700.8

1.311
0.521
0.874
0.513
0.522
0.661

No. of variables from
Component
From
From
From
C1
C2
C3

9.20
7.80
10.00
6.80
6.80
9.60

8.60
3.40
0
4.20
4.40
1.20

10.00
0
6.400
0
0
0.20

For the HD case, note that LaNS3 is not included in the model as resulting models are sparse
but still have more than 30 independent variables. For those with sparse solutions, LaNS2 and LaNS4
clearly dominate any of SPCR, LASSO or EN. LaNS4 is even comparable with PCovR(0.85) in terms
of predictive ability. SPCR is the least performing among those with sparse solutions. Interestingly,
LaNS2 yield solutions that are optimal at the OLS scale, that is, the estimated model by LaNS2 with
the few independent variables is the same as the OLS model for these independent variables (assuming
selected a priori).
Comparing the selected variables using different methods, and implementing OLS using only
the selected variables as predictors, those variables identified by LaNS4 give better prediction than
those identified by any of SPCR, LASSO, EN(0.01), or EN(100). Again, if identification of a smaller
set is of interest, then LaNS4 may be a better option than SPCR, LASSO, or EN.
6.3 Scenario 2
For Scenario 2, simulated data for both NHD and HD cases are based on a structure where
35%, 10%, and 55% of the dependent variable is explained by the predictors derived from the first
latent factor, by the predictors derived from the second latent factor, and by those derived from the
third latent factor, respectively. Note that 5 replicates were generated under the HD case and 7
replicates under the NHD case. Summary of the results are presented in Table 4 and Table 5.
Table 4. Summary of SSPE and BIC measures for the different Models under the NHD Case
Number
of
Variables
in Model
OLS
40
PCR
40
PCovR(0.85)
40
PCovR(0.5)
40
PCovR(0.15)
40
LaNS1
40
LaNS2
25.43
LaNS3
16.71
LaNS4
10.43
SPCR
13.14
LASSO
10.14
EN(0.01)
10.43
EN(100)
10.43

Using Model

After OLS

SSPE

BIC

SSPE

BIC

140159.1
381022.2
298638.1
183798.3
145291.8
146242.1
250183.7
906468.0
1215649.3
39210674.3
5485865.8
8930454.6
37199143.7

1.846
1.851
1.849
1.847
1.846
1.846
1.176
0.784
0.510
1.569
0.607
0.704
1.391

140159.1
140159.1
140159.1
140159.1
140159.1
140159.1
160757.6
273686.2
565086.6
6340676.2
519485.1
526144.4
578611.8

1.846
1.846
1.846
1.846
1.846
1.846
1.175
0.776
0.494
0.757
0.480
0.493
0.494

No. of variables from
Component
From
From From
C1
C2
C3
10
10
20
10
10
20
10
10
20
10
10
20
10
10
20
10
10
20
7.43
6.14 12.00
5.43
4.29 7.00
1.00
0.86 8.57
9.00
1.86 3.57
5.57
0 4.57
6.00
0 4.43
7.14
0 3.29

For the NHD case, LaNS1 generates non-zero coefficients for all independent variables, with
the fitted model being comparable with PCovR(0.15) and better than those of OLS, PCR,
PCovR(0.85), and PCovR(0.50). Noticeably, LaNS1 and PCovR(0.15) have on the average nearly the
same predictive ability as that of the OLS. Most of the identified variables for LaNS2, LaNS3 and
LaNS4 come from the third latent factor. LaNS4, on the other hand, gives the smallest prediction error
among all other models with the same sparsity level (SPCR, LASSO and EN). LaNS4 maintains a
representation mainly from the third latent factor – which is hypothetically the case since the variables
from the third latent factor have the most contribution to the dependent variable. This however is the
opposite for SPCR, LASSO and EN, as the identified variables come mostly from the first latent
factors. In addition, when considering a pre-process of selecting the independent variables for the

OLS, the LaNS procedure gives far better results than any of SPCR, LASSO, or EN. SPCR gives the
highest prediction error indicating that variable selection via the SPCA may not give the best set of
highly predictive independent variables.
Table 5. Summary of SSPE and BIC measures for the different Models under the HD Case
Number
of
Variables
in Model
PCovR(0.85)
1000
PCovR(0.5)
1000
PCovR(0.15)
1000
LaNS2
31.80
LaNS4
12.00
SPCR
16.80
LASSO
12.00
EN(0.01)
12.00
EN(100)
12.00

Using Model
SSPE

BIC

244706.8 46.057
65497.4 46.053
4687.0 46.052
402541.6 1.465
1278161.0 0.577
48748322.6 1.728
3355146.4 0.617
6797982.6 0.681
44554051.0 1.429

After OLS
SSPE

BIC

188364.1
564079.8
585724.0
505289.9
505546.8
50395718.0

1.469
0.564
0.785
0.563
0.563
1.543

No. of variables from
Component
From From
From C1
C2
C3

9.20 10.00 14.40
3.20
0
9
10.00
0 6.80
6.00
0 6.00
6.40
0 6.00
9.40
0 2.60

For the HD case, LaNS2 and LaNS4 give sparse models with only about 32 and 12 independent
variables, respectively. LaNS2 identifies more independent variables and thus yields better prediction
than any of the more sparse models (SPCR, LASSO, EN). Evidently for HD, the “best” models must
have a relatively large number of predictors.
Most of the variables included in LaNS4 are from the third latent factor, whereas SPCR,
LASSO and EN identify independent variables from mainly the first latent factor. Using the sets of
selected variables for OLS, the fitted model from LaNS4 gives a relatively higher prediction error
compared to those of LASSO or EN(0.01) but relatively lower prediction error compared to SPCR and
EN(100). These suggests that the fitted model from LaNS4 is better than the fitted models from SPCR,
LASSO and EN; and that the OLS of the selected variables from LaNS4 is comparable with the OLS
of those selected by any of SPCR, LASSO or EN.
7. Illustration: Quality of Life Across Countries
While quality of life is a multidimensional phenomenon, we focused in this example on aspects
of mortality (adult, infant, maternal, by specific causes, etc.) and explored the interplay between
various factors affecting mortality at the macro level. Using variables from WHO website (WHO,
2016) at country level, we analyzed data in the vicinity of 2010 (census year for most countries) to
identify a quality of life index based on mortality indicators. Initial screening for redundancy and data
quality (specifically, missing data values), leads to 97 variables. Using sparse principal component
analysis (Zou et al, 2006), the first component accounts for 56.05% of the variance, with 35 non-zero
loadings. With negative loadings for mortality indicators, the component aptly labelled as Quality of
Life Index (QoLI), was re-scaled so that values will range between 0-100 for ease of interpretation.
High values of QoLI was observed for Israel, Japan, Republic of Korea, France, and Netherland. On
the other hand, low values of QoLI was observed for Turkmenistan, Somalia, Central African
Republic, Afghanistan, and Uzbekistan.
Given QoLI (y), we aim to identify its determinants, this will help various government in
prioritizing limited resources and focus on those that really have impact on the quality of life of their

people. Due to high dimensionality of possible predictors (related to: environment, lifestyle, health
status, health policy, health care, and morbidity) we simultaneously reduce dimension of the predictors
while we choose the important variables using the LaNS algorithm. We used the following tuning
parameters: 𝑚1 = 1; 𝑚2 = 1; 𝑘 = 1; 𝜆 = 1. For 𝜆1,𝑗 , any value from 15 to 255 are all feasible to
induce sparsity and the resulting determinants are meaningful.
Possible determinants were again screened for redundancy of variables and data quality, this
results to 106 variables. The algorithm was able to identify 7 determinants. Recall the objective
function simultaneously reduce the dimension (sparsity) while selecting the variables that best explain
the dependent variable QoLI. The final regression model is fitted using the 7 determinants, this
accounts for 71% of the total variation in QoLI, reasonably high given that these were chosen from a
total of 106 predictors. The estimated regression coefficients are given in Table 6. This indicates that
countries should focus on immunization and care for women to improve mortality-related quality of
life.
Table 6. Regression Coefficient of Subset Determinants of QoLI
Variable
Reference Estimate p-value
Year
Intercept
88.7771 <0.0001
Outdoor air pollution (Annual PM10 [ug/m3])
2004
-0.0556 0.1433
Consumption of alcohol per capita among ages 15+ (liters)
2000
-1.6565 0.0967
Population using improved sanitation facilities (%)
2011
0.0396 0.5730
Percentage women with raised age-standardized BP

2008

-1.8685 <0.0001

Hib immunization coverage among 1-year-olds (%)

2000

0.1883 <0.0001

Polio immunization coverage among 1-year-olds (%)

2000

0.3783

0.0043

Per capita government expenditure on health (US$)

2009

0.0035

0.0326

Quality of life index is explained primarily by health condition of women (measured by blood
pressure), welfare of children (measured in terms of immunization coverage), and the amount of
spending by the government on health.
8. Conclusions
The LaNS procedure estimates a model that is sparse while it also exhibits optimal predictive
ability, addressing multicollinearity issues and/or ill-conditioning in regression analysis with high
dimensional predictors. The regression estimation under LaNS is not directly implemented on all the
independent variables (from the full model), but rather on a smaller set of transformed independent
variables via the modified SPCs. Dimension reduction is implemented such that prediction error is
minimized, thus, the selected variables (with non-zero estimates of regression coefficients) become
the “best” predictors for the dependent variable, i.e., the fitted model is the most optimal for both the
dimensionality of the inputs and the prediction of the dependent variable.
The LaNS procedure is capable of fitting models with independent variables potentially coming
from different latent factors. For both n>p and p>>n, the fitted LaNS models with sparse regression
coefficients capture “representatives” from the different latent factors, as evident from the simulations.
This characteristic suggests that grouping effect, i.e., selection of independent variables or inputs that
explains the same factor/dimensionality is avoided by the LaNS procedure. Also, the LaNS procedure
tends to select inputs coming from the most “predictive” subset (as identified by a latent dimension),

followed by those from the next most “predictive” subset (as identified by another latent dimension),
and so on.
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